ON THE CAUCHY PROBLEM FOR HARTREE EQUATION IN 
THE WIENER ALGEBRA 



REMI CARLES AND LOUNES MOUZAOUI 



Abstract. We consider the mass-subcritical Hartree equation with a homo- 
geneous kernel, in the space of square integrable functions whose Fourier trans- 
form is integrable. We prove a global wcll-posedncss result in this space. On 
the other hand, we show that the Cauchy problem is not even locally well- 
posed if we simply work in the space of functions whose Fourier transform is 
integrable. Similar results are proven when the kernel is not homogeneous, 
and is such that its Fourier transform belongs to some Lebesgue space. 



1. Introduction 
We consider the Cauchy problem for the following Hartree equation 

(1.1) id t u + Au = (K * \u\ 2 ) u, t G R, x <E R d ; U| t= o = uo, 

where K denotes the Hartree kernel. We first deal with the case of a homogeneous 
kernel, 

(1.2) K{x) = ^-, AeR, 7 >0. 

In [T2], it was proved that if 1 ^ d ^ 3 and 7 < d, the Cauchy problem (|1.1[) is 
locally well-posed in L 2 (R d ) n W, where W stands for the Wiener algebra (also 
called Fourier algebra, according to the context) 

W={f eS'(K d ;C), f€L x (R d )}, 

and the Fourier transform is defined, for / G i 1 (R d ), as 



(2ir) d / 



R-' 



In this paper, we investigate the global well-posedness for (ll.l[) : we prove that if 
d ^ 1 and 7 < min(2, d/2), then the solution to (|1.1[) is global in time in L 2 n W . 
In view of the classical result according to which (jl.ip is globally well-posed in 
L 2 (H d ), our result can be understood as a propagation of the Wiener regularity. 
On the other hand, the mere Wiener regularity does not suffice to ensure even local 
well-posedness for (jl.ll) . 

An advantage of working in W lies in the fact that W L°°(R <1 ), and, contrary 
to e.g. H s (R d ), s > d/2, W scales like L°°(R d ) (note also that if s > d/2, 
H s (TH d ) ^ W). So in a way, W is the largest space included in L°°{R, d ) on 



Key words and phrases. Hartree equation; well-posedness; Wiener algebra. 
2010 Mathematics Subject Classification. Primary 35Q55; Secondary 35A01, 35B30, 35B45, 
35B65. 

This work was supported by the French ANR project R.A.S. (ANR-08-JCJC-0124-01). 

1 



2 



R. CARLES AND L. MOUZAOUI 



which the Schrodinger group e ltA acts continuously — see Remark 11.21 though. 
Recall that e ltA does not map L°°(R d ) to itself, as shown by the explicit formula 
e iA^ e -%\x\ /4-j _ § x=0) anc j the parabolic scale invariance. 

Theorem 1.1. Let d > 1, K given by (|1.2j) with X G R and < 7 < min(2, d/2). 
If uq G L 2 (R d ) n i/ien /ias a unique, global solution u G C(R; L 2 n W). 

In addition, its L 2 -norm is conserved, 

\Wt)\\ L , = \\uo\\ L i, ViGR. 

Remark 1.2. One might be tempted to consider a space included in L°° which also 
scales like L°°, and which is larger than W = J-L 1 , namely the amalgam space 
W (T L 1 ; L°° ) . This space consists essentially of functions which are locally in W, 
and globally in L°° (see e.g. [3 [7] for a precise definition). Strichartz estimates in 
amalgam spaces have been established in [6] (even though the case W^L 1 ; L°°) can 
never be considered). However, since the map x >->■ e 1 ' 2 ' belongs to W{TL X \ L°°), 
we see that e ltA does not act continuously on W{J-L X ; L°°). 

We next show that (jl.ip is not well-posed in the mere Wiener algebra. Precisely 
have the following theorem: 

Theorem 1.3. Let d ^ 1, K given by (|1.2p with < 7 < d. The Cauchy problem 
(|l.ip is locally well-posed in W PI L 2 , but not in W : for all ball B of W , for all 
T > the solution map tp G B t— > ip G C([0, T]; VK) is noi uniformly continuous. 

Remark 1.4. In the case of the nonlinear Schrodinger equation 

(1.3) i<9 t u + Au = A|u| 2ct m, 

where a is an integer and A G R, the Cauchy problem is locally well-posed in W 
(see [3]). From the above result, this is in sharp contrast with the case of the 
Hartree equation. On the other hand, it is not clear that the Cauchy problem for 
(|1.3[) is globally well-posed in L 2 {YL d ) n W, even in the case d = a = 1. We note 
that in [S], the authors study (|1.3[) in the one-dimensional case c? = 1, with a < 2 
not necessarily an integer. They prove local well-posedness in 

L" = {f : /Gi p '}, 

for p in some open neighborhood of 2. Global well-posedness results for initial data 
in LP are established, in spaces based on dispersive estimates. 



The kernel K given by (|1.2j) is such that its Fourier transform belongs to no 
Lebesgue space, but to a weak Lebesgue space, from the following property (see 
e.g. [H Proposition 1.29]): 

Proposition 1.5. Let d ^ 1 and < 7 < d. There exists C = C(j,d) such that 
the Fourier transform of K defined by (| 1 - 2[) is 

XC 



The final result of this paper is concerned with the case where the kernel K is 
such that its Fourier transform belongs to some Lebesgue space. 

Theorem 1.6. Let d > 1. 
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• Let p G [l,oo], and suppose that K is such that K G L p (R d ). If uq 6 
L 2 (R d ) n W, £/ien i/iere exists T > suc/i i/ioi (jl.ljl /ias a unique solution 
u G C([— T, T];L 2 H W). in addition, its L 2 -norm is conserved, 

\\u(t)\\& = HuolU*, Vte[-T,T]. 

If K eW (p = l), then the solution is global: u G C(R; L 2 (1W). 

• Suppose that K is such that K G L°°(R d ). i/ no G W, £/ien £/iere exists 
T > swc/i i/ia£ (II. ip /ias a unique solution u G C([— T, T^jW). 

• For any p G [1, 00), one can /ind if wi£/j if G L p (R d ) \ L^R"), such that 

is locally well-posed in L 2 (R d )nW , but not in W : for all ball B ofW , 
for all T > the solution map ip G B i- > tp G C([0, T]; W) is noi uniformly 
continuous. 



2. Standard existence results and properties 

2.1. Main properties of the Wiener algebra. The space W enjoys the following 
elementary properties (see 

(1) W is a Banach space, continuously embedded into L°°(R d ). 

(2) W is an algebra, and the mapping (/, g) M> fg is continuous from W 2 to 
W, with 

\\fg\\w < H/lkllslk, v/ >fl GW. 

(3) For all tgR, the free Schrddinger group e ltA is unitary on W. 

2.2. Existence results based on Strichartz estimates. For the sake of com- 
pleteness, we recall standard definition and results. 

Definition 2.1. A pair (p, q) 7^ (2, 00) is admissible if p ^ 2, q ^ 2, and 

2 -=d n 1 



P \Z a 

Proposition 2.2 (From 0[Tl]). (1) For any admissible pair (p,q), there exists C q 
such that 

l|e 4 * A ^||L P( R;L«) < C q \\<p\\v, Vif G L 2 (R d ). 

(2) Denote 



D(F)(t,x) = / e l{t - T)A F(T,x)di 



For all admissible pairs (px,qx) and (p2iQ2)> there exists C = C qiJj2 such that for 
all interval I 3 0, 

\\D(F)\\ LPliI . tLqi) ^C\\F\\ LP ,^ Lq ^ , VFG^(i;L^). 

Proposition 2.3. Let d 1, K given by (|1.2j) with A G R and < 7 < min(2,d). 
If no G L 2 (R d ), then /ias a unique, global solution 

u G C(R;i; s )ni£(R;I 4i /( J ^)). 

In addition, its L 2 -norm is conserved, 

\\u(t)\\ L 2 = \\u a \\ L 2, Mt G R, 



(/// 



d for all admissible pair (p,q), u G L? (R; L q (R )). 
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Proof. We give the main technical steps of the proof, and refer to [4] for details. 
By Duhamel's formula, we write Ijl.ljl as 



u(t) = e ltA u - i \ e l{t - T)A (K*\u\ 2 u){T)dT =: $(u)(t). 
Jo 

Introduce the space 

Y(T) = {0 g C([0, T]; L 2 (R d )) : ||^|Uoc ([0)T]; L 2 {Rd)) s? 2|| Uo || L2(Rd) , 

II < / ) IIl8/"'([0,T]; L-"/( 2d — <>(R d )) ^ 2C(8/7)||uo||L 2 (R' i )} ) 

and the distance 

d{<j>l, 4>2) = ||01 — ^2|U»/t([0,T]; L4d/(2d- T )), 

where (7(8/7) stems from Proposition 12.21 Then (y(T),d) is a complete metric 
space, as remarked in [TD] (see also [3]). Hereafter, we denote by 

8 4d „ 8 



7 2d — 7 4 — 7 ' 

Ml „ „ by II 

and 



and || • || £0 0T L b R d by || • \\h a L b f° r simplicity. Notice that (q, r) is admissible 



1 _ 4-7 1 _ 1 1 1 _ 7 1 1 _ 1 1 

7~ 4 + g ~ 2 + ' 7~2d + r ' 2~8 + q' 

By using Strichartz estimates, Holder inequality and Hardy-Littlewood-Sobolev 
inequality, we have, for (q,r) g {(q,r), (00, 2)}: 



\\Hu)\\ L ^ ^ C(q)\\u Q \\ L 2 + C(q, q) \\(K * \u\ 2 )u\\ Lq , Lr , 

I L 4 /( 4 "^) L 2d /i 



< C(q)\\u \\ L 2 + C{q,q) {IK * \u\ 2 \\ 2dH \\u\\ LgL r 



^C(q)\\u \\ L2 +C\\u\\l eLr \\u\\ LqLr 

^c^imUs + ct^hiI^, 

for any u g Y(T), with C(oo) = 1 by the standard energy estimate. To show the 
contraction property of $, for any v, w g y(T), we get 

||$(w) - $(tw)||i«i»- < ||-K" * M 2 || L 4/(4— l)L 2d/i\\v - w\\ L iL- 

+ \\K* \\ v \ 2 - \ w \ 2 \\\wi/~ l \\ w \\l"l- 



< 



M\o L r + \\w\\le Lr ) \\v-w\\ L , L r 



< CT^iPWl^r + || 



w\\l«l>-)\\v-w\\l«lt. 



Thus $ is a contraction from Y(T) to Y(T) provided that T is sufficiently small. 
Then there exists a unique u g y(T) solving The global existence of the 

solution for (jl.lj) follows from the conservation of the L 2 -norm of u. The last 
property of the proposition then follows from Strichartz estimates applied with an 
arbitrary admissible pair on the left hand side, and the same pairs as above on the 
right hand side. □ 



3. Proof of Theorem 11.11 
Thoughout this section, we assume that the kernel K is given by (jl.2j) . 
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3.1. Uniqueness. Uniqueness stems from the local well-posedness result estab- 
lished in [12] , based on the following lemma, whose proof is recalled for the sake of 
completeness. 

Lemma 3.1. Let < 7 < d. There exists C such that for all /, g G L 2 (R d ) n W, 
|| (K * |/| 2 ) f-{K* \g\ 2 ) g\\ L2nW < C (\\f\\h nw + \\g\\h nW ) \\f ~ g\\^nw- 

Proof. Let K\ = l/m^nif and K2 = ln^nK. In view of Proposition II. 5[ ni £ 
L p (R d ) for all p 6 [1, 3=-) and k 2 € L q (R d ) for all g G (3^,00]. For h G 
L^R' 1 ) n W, we have 

< \\*ih\\v + II^IUi < + IHU-II&IU* 

< \\hhi + \\h\\ L i, 

where we have used Hausdorff- Young inequality. Writing 

(K * |/| 2 ) / - (K * \g\ 2 ) g=(K* |/| 2 ) (/ - g) + (K * (|/| 2 - | ff | 2 )) g, 

the lemma follows, since W is a Banach algebra embedded into L°°(R d ). □ 

We infer uniqueness in L 2 (R d ) n W for (jl.ll) as soon as < 7 < d: 

Proposition 3.2. Let < 7 < d, T > 0, and u,v G C([0,T];L 2 n W) solve (1TTT1) , 
tuif/j £/ie same initial datum uq G L 2 (R d ) D W. TTien u = v. 

Proof. Duhamel's formula yields 

u(t) - v(t) =-i [ e 4( *- r)A ((if * \u\ 2 ) u-(K* \v\ 2 ) v) (r)dr. 
Jo 

Since the Schrodinger group is unitary on L 2 and on W, Minkowski inequality and 
Lemma I3TT1 yield, for t ^ 0, 

\\ U (t) - V (t)\\ L 2 nW < f (\\u(T)\\l 2nW + \\v(T)\\ 2 L2nW ) \\U(T) - V (T)\\ L 2 nW dT 

Jo 

^ (ll u lll°°([o,T] ; z,=rw) + IMII°°([o,T] ; z,=rw)) ^ IN T ) ~ U ( T ) IU 2 nwdr. 
Gronwall lemma implies u = v. □ 



3.2. Existence. In view of Lemma 13.11 the standard fixed point argument yields: 

Proposition 3.3. Let d ^ 1, A G R, < 7 < d, and K given by (|1.2[) . 7/ 

ito G Z/ 2 (R d )nW, i/ien there exists T > depending only on A, 7, d and ||uo||i=nVF) 
and a ura'gue it G C([0,T];L 2 DW) to (fTT|) . 

Taking Proposition ^. 3l into account, to establish Theorcm ll.il it suffices to prove 
that the Wiener norm of u cannot become unbounded in finite time. 

Resuming the decomposition of K introduced in the proof of Lemma 13.11 we find 



\\u(t)\\ w < \\uo\\w+ / \\(K * \u(t)\ 2 ) u(t)\\ dr 
Jo 

^\\uq\\w+ / ll-K" * l«( T )| 2 ||w ||u(T)||wdT 
Jo 

< hoik + f {\Wi\\l4<t)\\1. + \\\<rj\ 2 \\ Lpl ) \Hr)\\wdr, 
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provided that p > • Using the conservation of the L 2 -norm of u and Hausdorff- 
Young inequality, we infer, if p ^ 2: 



IK*)llw ^ \\uo\\w + I (ll^illi- 1 ll""o|li,2 + \\k 2 \\lp ||l u ( r )| 2 || LP ) l|w(r)||wdT. 
To summarize, for all 1 < < p ^ 2, there exists C such that 



d_ 

-- 

ft r t 



\\u(t)\\ w ^ \\u \\ w + C I \\u{t)\\ w &t + C I ||u(r)||^ ||u(r)|| w dr. 
Jo Jo 

The above requirement on p can be fulfilled if and only if < 7 < d/2. To take 

advantage of Proposition l2.3[ introduce a > 1 such that (2a, 2p) is admissible. This 

is possible provided that 2p < when d ^ 3: this condition is compatible with 

the requirement p > if and only if 7 < 2. Using Holder inequality for the last 

integral, we have 

IN*)llw < IKIIvk+C / \\u{t)\\ w &t + C \\u\\\ 2a([0 t] . L2p) \\u\\ La > aoA . wy 

•J 

Set 

u(t) = sup ||m(t)|| W - 
For a given T > 0, lo satisfies an estimate of the form 

l/a' 

u(t)^\\uo\\ w + C I to(r)dT + C (T) ( / w (r) Q 'dr' 
Jo \Jo J 

provided that ^ t ^ T, and where we have used the fact that a' is finite. Using 
Holder inequality, we infer 

w(t) < IKIk + CiCH f y w(r) Q dr 
Raising the above estimate to the power a' , we find 

< 1 + / w(r) a 'dr. 



Gronwall lemma shows that u £ L°°([0,T}). Since T > is arbitrary, 10 S L{^ C (R), 
and the result follows. 



4. Ill-posedness in the mere Wiener algebra 

In this section we still assume that K is given by (|1.2p . We show that the Cauchy 
problem is ill-posed in the mere Wiener algebra, i.e without including L? . We 
recall the definition of well-posedness for the problem (jl.ljl . 

Definition 4.1. Let (S, \\ ■ \\s) be a Banach space of initial data, and {D, || • 
be a Banach space of space-time functions. The Cauchy problem (jl.ljl is well posed 
from D to S if for all bounded subset B C D, there exist T > and a Banach 
space Xt C([0,T]; S) such that: 

(1) For all ip £ B, (11.11) has a unique solution ip G Xt with ^>\t=o = *P>- 

(2) The mapping B 3 ip M> ip G C([0, T]; S) is uniformly continuous. 
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Proof of Theorem \1.3\ In view of [2] , it suffices to prove that one term in the Picard 
iterations of $ defined in Section [2] does not verify the Definition 14. 1 1 We argue by 
contradiction and assume that is well-posed from W to W. Then, let T > be 
the local time existence of the solution. We recall that for < 7 < d, (jl.II) is well- 
posed from W fl L 2 to W Pi L 2 (see (T2J Theorem 2.1], recalled in Proposition ^. 31) . 
We define the following operator associated to the second Picard iterate: 

D(f)(t, x) = -i f e l(t - T)A (K * M V)(t, x) dx, 



where ip is the solution of the free equation 

id t i> + = 0; V|t=o = /, 

that is ip(t) = e ltA f. We denote e UA f = U{t)f. By [2, Proposition 1] the operator 
D is continuous from Wto that is, 

(4-1) \\D(f)(t)\\ w ^C\\f\\ 3 w , V*e[0,T], 

for some positive constant C. Let / £ S(R d ) be an element of the Schwartz space. 
We define a family of functions indexed by h > by 

f h (x) = f{hx). 

For all h > 0, = 7^72 1 1 / 1 U 2 so for h > close to the family (f h )h>o leaves 

any compact of L 2 . Remark that f h {£) — h~ d f(^) and = \\f\\w < °°i so 

(j^TTj) yields 

(4-2) < C\\n%r. 

We develop the expression of \\D{f h ){t)\\w ■ We have 

F(K*\U(T)f h \ 2 U(r)f h )(0 = 
= (2Tr) d / 2 F(K*\U(T)f h \ 2 )*F(U(T)f h )(0 
= (2rr) d / 2 f T(K * \U(r)f h \ 2 )(Z - y)HU{r)f h ){y) dy 

jrM'ftfc _ y)F(\U(T)f h \ 2 )(Z - y)T h {y) dy 



R'' 

(2ir) d / 2 

(27T) d / 2 
h 3d 



R 2d 



e <r|»| e *r\t-y-z\ e -ir\z\ K(£ - y) f h ((, - y - z) f h (z) f h (y) dydz 



e ir\y\ e ir\£-y-z\ e ~ iT \ z \' 



R 2d 



K(Z - v)f 



/ / 



dydz. 



Taking the Vy-norm gives 

IW h )(*)lkHI^(7*)(*)IU* 



R"' 



R'' 



T(U(t-T)(K*\U(r)f h \ 2 U(r)n(0 dr 



d£ 

de 
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We replace T(K * \V '(r) f h \ 2 V (r) f h )(£,) by its integral formula above and apply the 
following changes of variable: £' — £/h, y' ~ y/h, z 1 — z/h, t' = rh 2 . We obtain 

(4-3) \\D(f h )(t)\\w = j^^\\D(f)(th 2 )\\ w . 

Let s £ (0,T). We examine more closely the term F(s) := U(s — T)g(T)dT where 
g(s) := (K * \U{s)f\ 2 )U{s)f. Taylor formula yields 

s 2 f 1 

F(s) = F(0) + F'(0)s + — (1 - 9)F"(s6) d6. 

2 Jo 

We have F(0) = 0, so for s 6 [0, 1], 



\\F(a)-F'(0)s\\w ^s 2 



(1 - 6)F"(s0) dO 



d9 

w 



^ s 2 / \\F"(s9)\\ w dd ^ S 2 \\F"\\ L ~ {l0A]:W) . 
Jo 

The first and second derivatives of F are given by 

F'(s) = g(s) + f U(s- r)*A fl (r) dr, 
Jo 

F"(s) = g'(s) + iAg(s) - f U(s - r)A 2 5 (r) dr, 

Jo 

so F'(0) = g(0) and 

||^"IU~([o,i];VK) < lls'IU~([o,i];WO + ||A0||i«.([o,i];W) + I|A 2 5||loo([ 0i i] ; h')- 

From the formula of g, since / £ S we can see easily that F" 6 i°°([0, 1]; W) 
(uniformly in h G (0, 1]). We obtain 

\\F{ S )- S g{Q)\\w^Cs 2 , 

where C is a positive constant independent of s (it depends on / and 7). Thus, 

\\F{ s )\\ w = s\\g{Q)\\w + 0{s 2 ). 

In particular, for all t, h > 

\\D(f)(th 2 )\\ w = \\F(th 2 )\\ w = ^ 2 || 3 (0)||w + O {t 2 h 4 ) . 

This implies that 

\\ D (f h )(t)\\w = ^^IWX^IIw = jj^\\g(0)\\w + j^O (t 2 h 2 ) . 
Fix t > 0: 

A ^3(0)\\w + j^O (t 2 h 2 ) = +co. 
We deduce that for h > sufficiently close to 0, 

\\D(f h )(t)\\ w > C\\ff w . 
This contradicts (|4.ip . and Theorem 11.31 follows . □ 

5. Proof of Theorem 11.61 
We decompose the proof of Theorem 11.61 according to the three cases considered. 
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5.1. Well-posedness in L 2 DW. We assume that K is such that K 6 LP for some 
p £ [1, oo], and we consider an initial data uq £ L 2 n W. For T > we define the 
following space 

E T = {u £ C([0,T]; L 2 n W), |MU~([o,T];^rw) < 2|KIU*rw}- 
It is a complete space metric when equipped with the metric 

d(u, v) = \\u - v\\ L oo^ [0tT y >L 2 nW y 

Lemma 5.1. Let p £ [1, oo], and K such that K £ LP. There exists C such that 
for all f,geL 2 DW, 

\\K * (fg)\\w < C\\K\\ L p\\f\\ L 2 nW \\g\\ L , nW . 

Proof. Let f,g £ L 2 n W. We denote by p 1 the Holder conjugate exponent of p. 
We have 

||# * (f9)\\w = (2iT) d / 2 \\k Tg\\ L , < C||Al| LP ||/g|| iP , < C|| £|| LP ||/ * g\\ LP , 

^C\\K\\ L 4f\\ Lq \\g\\ Lq , 
where 1 + = |. Since g £ [1,2] there exists £ [0, 1] such that | + | = | and 

ll/IU* < H/llMl/l!}/ = ll/dl/liy < ll/IUw 

The lemma follows. □ 

Let 4> as defined in Section[2J In view of the previous lemma we have, for u £ Et 
and t £ [0,T], 

ll*( u )(*)llL 2 nw < ||«o||L 2 nw + / ll-K" * Nr)| 2 w( T )llL 2 rw dr 

Jo 

<||wo|U 2 nW + / \\K *\u{T)\ 2 \\ w \\u(T)\\ L 2 nW At 
Jo 

^\\u \\ L 2 nW + C\\k\\ L p I \\u(r)f L2nW dr. 
Jo 

We obtain 

||$(M)(i)|| i oo ([0T] . L 2 nlv) < |Mo|| J L2 nH/ + C||if|| iP ||uo|[|oo([o,r];L2 nW) T. 

For T sufficiently small (depending on ||uo||l 2 iw) II^K^) Hl^l 2 ^ 2||uo||_L 2 rw- Let 
u, v £ Et- From Lemma |5. II we have 

L 2 nW 

< f \\K * (\u(t)\ 2 ~ \v(T)\ 2 )u(T)\\ L 2 nW dr 
Jo 

+ I \\K * \v(t)\ 2 (u(t) - v(r)\\ L 2 nW dr 
Jo 

< f \\K*(\u(r)\ 2 -\v(r)\ 2 )\\ w \\u(r)\\ L 2 nW dT 
Jo 

+ f \\K*\v(T)\ 2 \\ w \\u(T)~v(r)\\ L 2 nW dT 
Jo 

< / C\\K\\ LP (\\u(r)\\ 2 L2nW + \\v(r)\\ 2 L2nW ) \\u(r) - v(r)\\ L 2 nw dr. 
Jo 
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We deduce that 



||$(w) - $(v)\\ L «>([ 0j T\;L*nW) < IK||r,2 nW -T||ti - w|U~([o,T];L2niv)- 



For T possibly smaller (still depending on ||mo||l 2 iw) $ is a contraction from Ex 
to Et-, so admits a unique fixed point in Ex, which is a solution for the Cauchy 
problem. By resuming the same arguments as in Proposition 13.21 we deduce that 
the fixed point obtained before is the unique solution for the Cauchy problem. 

For p = 1, the solution constructed before is global in time. In view of the 
conservation of the L 2 -norm, we have 



Jo 

and by the Gronwall lemma, we conclude that ||ii(£)||jy remains bounded on finite 
time intervals. This completes the proof of the first point in Theorem II .61 

5.2. Well-posedness in W . Let K £ L°° and consider the Cauchy problem Ijl.ljl 
with an initial data in W . For T > we define the following space 

Y T = {u e C([0,T]; W), \\u\\ L oo ([0>T] . w) < 2||«o|k}. 

This later is a complete metric space when equipped with the metric 

d(u,v) = \\u - u||ioo([o,T];W)- 

As previously, the local existence of a solution is easily shown by a fixed point 
argument, since $ is a contraction from Yx to Yx, and we show that it is unique. 
The proof relies on the following lemma: 

Lemma 5.2. There exists C such that for all f,g € W, 




o 




\\K*{fg)\\ w <C\\K\\ L ~\\f\\ w \\g\\w. 



Proof. Let /, g G W. We have 



\K*(fg)\\ w 



(2n) d / 2 \\KT9\\v < (2^/ 2 ||/?|| L ^||/*?|| Ll 

<(27r) d / 2 ||^|| L ^||/|| il ||g|| il 
< (2*) d '*\\k\\ L ~ H/ll w \\g\\ w . 



□ 



It then suffices to reproduce the proof given in the previous subsection in order 
to prove the second point of Theorem ll.61 by replacing Lemma 1531 with Lemma [5T2l 
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5.3. Ill-posedness in W. For 7 S (0,d) we consider the Cauchy problem Ijl.ljl 
with the kernel K given by its Fourier transform 



(5.1) 



K(0 



1 



Then, K € LP for all p e [1, jz-)- Conversely, for p£ [1, 00), we can always find 

76 (0,rf) such that if, defined by (|5.1|) . satisfies K £ L p . 

From the first point of Theorem 11.61 the Cauchy problem (jl.ljl is locally well- 
posed in L 2 n VF. We suppose that (|1.1|) is well posed in W: let T > be the 
local time existence of the solution. Arguing as in Section @J this implies that there 
exists C > such that for all / € W and for all t G [0, T], 



(5.2) 



\\D(f)(t)\\ w ^C\\f\\ 



where D is the operator defined in Sectional Let / G 5(R d ). As in Section 2] we 
define the family of functions (f h )o<h^i by 

f h {x) = f{hx). 

From (|5.2|) we also have for all t G [0, T] 

(5.3) IW h )(*)lk<c-||/ fc ll^ = c[l/l[^ 

We define Kh by setting Kh{£) = i g i l— y l{|g|>^}' We use the following identity: 

J-(^*|C/(t)/T^)/' 1 )(£) = 



(27r) d / 2 
h 3d 

(27T) d / 2 

(27T) d / 2 
/l 3d 



e ^ie-3/i 2 e ^ij/-^i 2 e -^i^i 2 ^(j / )/ ( I 7 f 



'Is." 



e *T|f-I/r e »T|j(-*| g-tT|»| 



1 



R 2 



e iT\i-y\ 2 e ir\y-z\ 2 e -ir\x\ 



R 2d 



2 K h {y)J 



Z-v \ 
h J 



y - g 
ft 

y- z 
h 

y-z 



dydz 
dydz 
dydz. 



We inject the above formula into the expression of \\D(f h )(t) \\w and perform the 
same changes of variables as in Section [4] We obtain 



\\D(f h )(t)\\w > {W * |/| 2 )/|k + O (th 2 )) - d 



where 



X h = 



Llr 



U(t-T)(K h *\U{T)f\ 2 U(T)f) dr 



-7+2 



ii' 



X 1 



Forge (337,00), 



X h < 



//r 



\(K h *\U(T)f\ 2 )U(r)f\ 



dr < 



i/r 



\\K h *\U(r)f\ 2 \\ w \\U(T)f\\ w dT 



Ur 



w / H^Hl. ||^(|C/(r)/| 2 )|| L ,, dr < Cth 2 \\K h \\ Lq , 
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for some constant C independent of h € (0, 1] and t 6 [0, T] (recall that / G 6>(R rf )). 
Moreover, 

"'lip* 1 *"'*) = c (X^ dr ) • 

so, \\K h \\ LP = Ch d -~<-i and 

I > {\\( K * l/l 2 )/lk + ( th2 ) - ch d -^-i) . 

Fix t > 0: 

J&» 7^ * l/|2)/lk + ° ^ _ Cr ^ 7 " f ) = 

So, for ft, > small enough we have 

\\D(f h )(t)\\ w > C\\ff w , 

hence a contradiction. 
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